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Abstract
We consider various aspects of Sen’s classical entropy function formalism for asymptotically
AdS4 black holes with emphasis on its efficacy to capture higher derivative corrections to the
Bekenstein-Hawking entropy. The formalism has the important advantage of being based on
near-horizon symmetries and does not require knowledge of the full interpolating supergravity
solution, nor of its AdS4 asymptotics. For the static case, we focus on applying the entropy
function formalism in the presence of various higher derivative terms motivated in conformal
supergravities; we find agreement with recently reported results utilizing the full black hole
solutions and Wald’s entropy formula. For the rotating case, we demonstrate that a modified
version of the formalism generates a background that coincides precisely with the Bardeen-
Horowitz limit of known rotating, electrically charged AdS4 black holes and provides a swift
approach to the black hole entropy, including higher derivatives corrections. We conclude that
Sen’s classical entropy function formalism is a viable and highly efficient approach to capturing
higher-derivative corrections to the entropy of asymptotically AdS4 black holes albeit naturally
missing certain relations arising from global aspects of the full black hole solution.
jewel.ghosh@icts.res.in, lpandoz@umich.edu
1 Introduction
The Bekenstein-Hawking entropy formula, stating that the thermodynamic entropy of black
holes is a quarter of the horizon area in Planck units, is incredibly universal. It applies to black
holes in asymptotically flat spacetimes as well as in asymptotically Anti-de-Sitter spacetimes;
it is valid for static configurations as well as for rotating ones. This universality indicates
that its origins are rooted in general aspects of quantum gravity that are visible from the low
energy regime. Therefore, to claim a deeper understanding of the Bekenstein-Hawking entropy
formula one needs to turn to its corrections; only through the corrections we can definitely access
the degrees of freedom underlying the formula. In any theory of gravity there are two kinds
of corrections to the Bekenstein-Hawking formula: (i) quantum corrections, related to virtual
fields propagating in loops and (ii) higher curvature corrections. If we view the Einstein-Hilbert
Lagrangian in the framework of an effective field theory expansion, it is simply the two-derivative
term and will naturally be followed by higher-derivative terms. In this manuscript we focus on
the study of higher-derivative corrections to the entropy of asymptotically AdS4 black holes.
The timing of our investigation stems from a number of important developments in our
understanding of microscopic aspects of AdS black holes. The entropy of certain static, magnet-
ically charged AdS4 black holes was provided a microscopic interpretation via the topologically
twisted index of the dual field theory in [1] (see [2] for a review and references). More recently,
microscopic foundations for rotating, electrically charged black holes in AdS5 were provided via
the superconformal index [3–5]; similar results have been extended to AdS4,,6,7 [6–13]. There
have recently been two studies exploring aspects of higher-derivative corrections for AdS black
holes; one focused on AdS4 solutions [14] and another on AdS5 [15]. Our approach to higher-
derivative corrections to the entropy of AdS4 black holes is rooted in Sen’s entropy function
formalism introduced in [16].
Sen’s entropy function formalism is powerful precisely because it does not require knowledge
of the full supergravity solution, nor of its AdS4 asymptotics; it is formulated in terms of symme-
tries of the near-horizon region [16]. This approach precisely allows us to study corrections to the
entropy based only on the near-horizon geometry and complements the microscopic foundation
to the entropy of AdS4,5,6,7 rotating and electrically charged black holes provided recently in [17]
by using the Kerr-AdS/CFT correspondence [18–20]. The analysis of [17], however, started out
from the higher dimensional solutions and applied the Bardeen-Horowitz near-horizon limit [21]
from which the algebra of asymptotic symmetries leads to a microscopic counting.
Let us further emphasize our big-picture question. The AdS/CFT community is rightfully
elated by the avalanche of microscopic entropy derivations [1–13]. However, with a critical eye
on universality arguments, we ask: How much of the full entropy of AdS black holes, including
all corrections, can be recovered having only knowledge of the near-horizon geometry? Clearly,
the microscopic foundations have made used of the full UV description which, via the AdS/CFT
correspondence, is equivalent to the respective dual field theories. We need, however, to under-
stand the minimal set of data that allows to understand the entropy and some of its corrections.
Given that Sen’s entropy function formalism is completely rooted in near-horizon symmetries it
becomes the ideal tool to address the question of how much of the higher-derivative corrected
entropy of AdS black holes can be determined from knowledge of the near-horizon geometry
alone. In this manuscript we tackle this question by focusing on higher derivative corrections to
the entropy of asymptotically AdS4 black holes. After a brief review of the formalism in 2, we
address the static case in Section 3. In Section 4 we tackle rotating black holes. In Section 5 we
conclude that Sen’s entropy function formalism seems sufficient to capture higher-derivative cor-
rections to the entropy albeit naturally missing certain relations arising from global properties
of the full black hole solution. We also point out a number of interesting future directions.
1
2 Review of Sen’s entropy function formalim
In this section we briefly review Sen’s prescription [16] to compute the entropy of extremal black
holes. In this context, extremal black holes are assumed to have an AdS2 factor in the near-
horizon geometry. This prescription is directly applicable to static black holes and, with some
modifications, to rotating ones. We start reviewing with the former.
To compute the entropy of a black hole in Sen’s formalism, we start with an action:
S =
∫
d4x
√−gL
[
gµν ,Φ
(i), F
(j)
2
]
. (2.1)
The Lagrangian is a functional of different fields, for example: the metric gµν , scalar fields Φ
(i)
and 1-form gauge fields A
(j)
1 with their corresponding field strength F
(j)
2 , where (i, j) run over
the number of corresponding fields. We assume that the black hole is extremal and, therefore,
the near-horizon geometry has SO(1, 2)×SO(3) symmetry. The most general ansatz consistent
with these symmetries is given by:
ds2 = v1
(
−r2dt2 + dr
2
r2
)
+ v2
(
dθ2 + sin2 θdφ2
)
, (2.2)
Φ(i) = ui, (2.3)
F
(j)
rt = −F (j)tr = ej , F (j)θφ = −F (j)φθ =
pj
4π
sin θ. (2.4)
Sen’s algorithm to compute the black hole entropy consists of the following three steps:
1. From the Ansatz (2.2)-(2.4), we evaluate the Lagrangian L
[
gµν ,Φ
(i), F
(j)
2
]
. We then
integrate over the angular coordinates and get:
f (v1, v2, ui, ej , pj) =
∫
dθdφ
√−gL
[
gµν ,Φ
(i), F
(j)
2
]
. (2.5)
2. From this function we can find the entropy function which is defined as the Legendre
transform of f (v1, v2, ui, ej , pj) with respect to the parameters ej labeling the electric
fields. More precisely, the entropy function is
F (qj, v1, v2, ui, ej , pj) = 2π [qjej − f (v1, v2, ui, ej , pj)] (2.6)
where the conjugate variable (electric charge) qj is defined as
∂f
∂ej
= qj. (2.7)
3. Extremization of F (qj, v1, v2, ui, ej , pj), together with Eq. (2.7) give rises to the so-called
attractor equations:
∂F
∂v1
=
∂F
∂v2
=
∂F
∂ui
=
∂F
∂ej
= 0. (2.8)
The number of these attractor equations is the same as the number of unknowns (v1, v2, ui, ej).
Therefore Eqs. (2.8) can be solved to find (v1, v2, ui, ej) in terms of qj and pj . The black-
hole entropy is given by the value of the entropy function on these solutions:
SSen = F (qj, v1, v2, ui, ej , pj) solutions of Eqn. (2.8). (2.9)
2
For rotating black holes, the near-horizon symmetry is no longer SO(1, 2)×SO(3), therefore,
one needs to modify the Ansatz. A systematic discussion of the rotating case was provided in [22]
and starts with the following Ansatz:
ds2 = Ω2(θ)e2Ψ(θ)
(
−r2dt2 + dr
2
r2
+ β2dθ2
)
+ e−2Ψ(θ) (dφ− αrdt)2 , (2.10)
Φi(θ) = ui(θ), (2.11)
Fj = [ej − αbj(θ)]dr ∧ dt+ b′j(θ)dθ ∧ (dφ− αrdt) (2.12)
where α is the rotation parameter, a particular choice of the θ coordinate has been made and
the Bianchi identity for the field strengths, Fj , has been implemented. To compute the black
hole entropy we follow steps similar to those performed in the case of a static black hole. The
slight generalization looks as follows. One defines
f [α, β, ui, ej ,Ψ(θ),Ω(θ), bj(θ)] = 2π
∫
dθ
√−gL [gµν ,Φ(i), F(j)] (2.13)
which is a function of (e, α, β, ui, ej) and a functional of (Ψ(θ),Ω(θ), bj(θ)). Consequently, the
entropy functional
F [qj, J, α, β, ui, ej ,Ψ(θ),Ω(θ), bj(θ)] = 2π (Jα+ ejqj − f [α, β, ui, ej ,Ψ(θ),Ω(θ), bj(θ)]) (2.14)
is a function of (qj , ej , J, α, β, ui, ej) and a functional of (Ψ(θ),Ω(θ), bj(θ)). The attractor equa-
tions are:
∂F
∂α
= 0,
∂F
∂β
= 0,
∂F
∂ui
= 0,
∂F
∂ej
= 0,
δF
δΨ
= 0,
δF
δΩ
= 0,
δF
δb
= 0. (2.15)
These equations should be supplemented with appropriate boundary conditions, including those
enforcing regularity of the solution. We will discuss the boundary conditions when relevant. For
the rotating case, the black hole entropy is given by:
SSen = F [qj, J, α, β, ui, ej ,Ψ(θ),Ω(θ), bj(θ)] solutions of Eq, (2.15). (2.16)
Sen’s entropy function formalism has been very successful in capturing higher derivative
corrections in asymptotically flat black holes [23–25]. We are interested in asymptotically AdS
black holes, there are two studies discussion the application of Sen’s entropy function formalism
to AdS black holes [26, 27]. As will become clear in the next two sections, one technical con-
tribution we provide consists in considering AdS4 black holes with arbitrary horizon topology
and with more general higher-derivative terms than those considered previously in the litera-
ture [26,27]. Our second novel contribution to the literature is to consider rotating AdS4 black
holes and their higher-derivative contributions.
3 Entropy for static AdS black hole via Sen’s formalism
In this section we consider static AdS4 black holes with horizon topology given by a genus g
Riemann surface. The near-horizon background symmetry implies that the metric and electro-
magnetic fields take the following general form
ds2 = v1ds
2
AdS2 + v2ds
2
Σg , Ftr = −Frt = e (3.1)
where ds2Σg is the metric on the genus g Riemann surface, Σg.
3
One of our main goals is to incorporate higher-curvature corrections to the entropy. We
naturally start by recalling a number of relevant formulas from differential geometry. For any
two-dimensional surface the Riemann tensor and Ricci scalar satisfy:
Rµνρσ =
R
2
(gµρgνσ − gµσgνρ) , R = 2K . (3.2)
We recall that the Gauss-Bonnet term is defined as
GB = RµνρσR
µνρσ − 4RµνRµν +R2. (3.3)
For the particular case at hand, the metric is block-diagonal 1. So we can write the following
gAB = gab ⊕ gµν , (3.4)
RAB = Rab ⊕Rµν , (3.5)
RABCD = Rabce ⊕Rµνρσ , (3.6)
R = RAdS2 +RΣg = −
2
v1
+
RunitΣg
v2
, (3.7)
where RunitΣg is the scalar curvature of the Riemann surface Σg with unit radius. Direct evaluation
yields
GB = RABCDR
ABCD − 4RABRAB +R2
= GBAdS2 +GBΣg + 2RAdS2RΣg
= 2RAdS2RΣg = −
4
v1v2
RunitΣg , (3.8)
where in the third line we have used the fact that for any two-dimensional manifold, the Gauss-
Bonnet term is identically zero due to the relation between the Riemann and Ricci tensors with
the metric.
Having cleared the geometric preliminaries, we return to Sen’s formalism whose starting
point is the action,
S =
1
16πG4
∫
d4x
√−g
(
R+ Λ− 1
4
F 2 + aGB
)
. (3.9)
We calculate the function
f(v1, v2, e) =
∫
dθdφ
√−gL
=
v1v2
16πG4
{
S
(
Σunitg
)(− 2
v1
+ Λ+
e2
2v21
)
+
(
1
v2
− 4a
v1v2
)
4πχ (Σg)
}
(3.10)
where S
(
Σunitg
)
and χ (Σg) are the surface area and Euler characteristic of the Riemann surface
Σunitg . In obtaining the above equation we have used the Gauss-Bonnet theorem for a Riemann
surface: ∫
dθdφ
√
gΣgRΣg = 4πχ (Σg) . (3.11)
1By capital Latin letters we will denote the full 4d coordinates. Small Latin letters will denote the AdS2
coordinates (t, r) and Greek letters will denote the coordinates of Σg: (θ, φ).
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Now we can construct the entropy function a` la Sen
F (q, v1, v2, e) = 2π [eq − f(v1, v2, e)]
= 2π
[
eq − v1v2
16πG4
{
S
(
Σunitg
)(− 2
v1
+ Λ+
e2
2v21
)
+
(
1
v2
− 4a
v1v2
)
4πχ (Σg)
}]
.
(3.12)
This function should be extremized with respect to v1, v2, e:
∂F
∂v1
=
∂F
∂v2
=
∂F
∂e
= 0 . (3.13)
These give the following equations:
S
(
Σunitg
)
e2v2 − 2v21
{
ΛSv2 + 4πχ
(
Σunitg
)}
= 0, (3.14)
e2 + 2v1(Λv1 − 2) = 0, (3.15)
2πq − S
(
Σunitg
)
ev2
8G4v1
= 0. (3.16)
The solutions to these equations are given by:
v1 =
Sv2
2πχ+ Sv2Λ
, e =
√
2Sv2 (4πχ+ Sv2Λ)
2πχ+ Sv2Λ
, q =
√
Sv2 (4πχ+ Sv2Λ)
8
√
2G4π
. (3.17)
Inserting these values into the function F (q, v1, v2, e) we find
SBH =
Sv2
4G4
+
2πaχ
G4
=
A(H)
4G4
+
2πaχ(H)
G4
. (3.18)
We can observe that the Bekenstein-Hawking formula gets corrected in the presence of a Guss-
Bonnet type higher-derivative correction which is tracked by the parameter a introduced in the
action.
3.1 Agreement with higher curvature corrections in supergravity
In this subsection we compare the results obtained using Sen’s entropy function formalism with
a recent study which discussed the influence of various higher-derivative terms, motivated by
conformal supergravity, on the the Wald entropy [14] for certain black holes in AdS4. Let us
briefly summarize the main result of [14]. The starting point of [14] is the following action which
includes higher-derivative terms as follows:
L = L2∂ + (c1 − c2)LW 2 + c2LGB, (3.19)
where
1√
g
L2∂ = − 1
16πGN
[
R+
6
ℓ2
− 1
4
FµνF
µν
]
(3.20)
1√
g
LW 2 =
(
C ρσµν
)2 − FµνFµν
ℓ2
+
1
2
(
F+µν
)2 (
F−ρσ
)2 − 4F−µνRµρF+ νρ
+ 8
(∇µF−µν) (∇ρF+νρ ) , (3.21)
1√
g
LGB = RµνρσRµνρσ − 4RµνRµν +R2 . (3.22)
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In the above expressions F± are the self-dual and anti self-dual parts of the field-strength tensor,
defined as:
F±µν =
1
2
(
Fµν ± 1
2
ǫµνρσF
ρσ
)
. (3.23)
We recall some identities that allow to simplify the higher-derivative action presented in Eq.
(3.19). In d-dimensions, the Weyl tensor is defined as:
Cµνρσ = Rµνρσ − 2
d− 2
(
gρ[µRν]σ − gσ[µRν]ρ
)
+
2
(d− 1)(d − 2)Rgρ[µgν]σ.
From this we can find the Weyl squared as
CµνρσC
µνρσ = RµνρσR
µνρσ − 4
d− 2RµνR
µν +
2
(d− 1)(d − 2)R
2
d=4
= RµνρσR
µνρσ − 2RµνRµν + 1
3
R2
= GB + 2RµνR
µν − 2
3
R2 . (3.24)
The two equations of motion from the 2-derivative Lagrangian (3.20) are:
Rµν − 1
2
Rgµν − 3
ℓ2
gµν +
1
8
gµνFαβF
αβ − 1
2
FµαF
α
ν = 0, (3.25)
∇µFµν = 0. (3.26)
Contracting Eq. (3.25) with gµν we find
R = −12
ℓ2
, (3.27)
implying that the metric has constant Ricci curvature. Inserting back this into Eq. (3.25) we
can write the Ricci tensor
Rµν = −
(
3
ℓ2
+
1
8
FαβF
αβ
)
gµν +
1
2
FµαF
α
ν . (3.28)
Using the value of Ricci curvature and from Eq. (3.20) we can write
FµνF
µν
ℓ2
=
64πGN√
gℓ2
L2∂ − 24
ℓ4
. (3.29)
Inserting Eqs. (3.24) and (3.29) into Eq. (3.21) we find:
1√
g
LW 2 =
1√
g
LGB − 64πGN√
gℓ2
L2∂ + 2RµνRµν − 72
ℓ4
+
1
2
(
F+µν
)2 (
F−ρσ
)2 − 4F−µνRµρF+ νρ
+ 8
(∇µF−µν) (∇ρF+νρ ) . (3.30)
When the fields satisfy the equations of motion, the following relation is true [14]:
IW 2 = IGB −
64πGN
ℓ2
I2∂ . (3.31)
where I denotes the on-shell quantity. In this case the higher derivative Lagrangian
LHD = L2∂ + (c1 − c2)LW 2 + c2LGB (3.32)
6
on-shell reduces to
IHD = (1 + α) I2∂ + c1IGB (3.33)
where
α =
64πGN
L2
(c2 − c1) . (3.34)
The Wald entropy in this case has been computed and the formula is given in Eq. (14) of [14]
which we reproduce here
SBH(Wald) = (1 + α)
AH
4GN
− 32π2c1χ(H) (3.35)
where AH and χ(H) are the area and Euler character of the horizon, respectively.
To compare our result in the previous section with the one of Bobev et al [14] we need to
make the following mapping:
G4 = − GN
1 + α
, a = −16πGN
1 + α
c1 . (3.36)
which gives
SBH = − (1 + α) A(H)
4GN
+ 32π2c1χ(H) (3.37)
which is exactly Eq. (14) of [14] up to an overall minus sign. The reason for the overall minus
sign is because the definition of Wald’s entropy used in [14] has a relative minus sign with respect
to the definition used by Sen in [16]. Therefore, we have correctly reproduced Wald’s entropy
following Sen’s entropy function formalism.
In the context of the AdS/CFT correspondence one often thinks of the geometry as realizing
an RG flow in the dual field theory setup. Namely, the near-horizon region roughly corresponds
to the IR theory while the higher dimensional AdS4 asymptotic region corresponds to the UV
side of the theory. The computation we have performed demonstrates that for these type of
configurations, the near-horizon geometry (IR data) is enough to reproduce the entropy, includ-
ing higher-derivative corrections. Most field theory computations determine the entropy starting
from an observable which is, a priori, defined in the UV theory [1,6–13]. Therefore, the effective-
ness of Sen’s entropy function formalism for AdS4 black holes indicates that in the field theory
side there should be an IR sector from which the entropy can be computed. Moreover, Sen’s
entropy function formalism for AdS has the added technical advantage of being able to repro-
duce the entropy, including all higher-derivative corrections, with knowledge of the near-horizon
geometry alone.
4 Rotating AdS4 black holes in the entropy function formalism
In this section we consider rotating AdS4 black holes. Such discussion is lacking in the literature
of Sen’s entropy function formalism for AdS spacetimes. In particular, Morales and Samtleben
in [26] as well as Goulart in [27] considered only static AdS4 black holes
2. There are, however,
recent discussions of the entropy function for rotating asymptotically AdS4 black holes, see for
example, [28, 29]. These works evaluated the entropy function using the full solutions obtained
originally in [30] and further discussed in [28, 29, 31, 32]. We will compare the results of Sen’s
AdS entropy function formalism with the direct result arising from the full solution later in this
section.
2Morales and Samtleben did consider rotating AdS5 black holes but that problem is in different symmetry
class than rotating AdS4 black holes
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In order to clarify various notions specific to rotating, electrically charged, asymptotically
AdS4 black holes, we will first briefly review a number of simpler cases. We will first review
rotating, electrically charged black holes with a Gauss-Bonnet term in flat spacetime 4.1 before
turning to the main result for the rotating, electrically charged asymptotically AdS4 black holes
in 4.2. We will conclude this section showing in 4.4 that the solution to the near-horizon geom-
etry obtained a` la Sen matches precisely with the Bardeen-Horowitz limit of known, rotating,
electrically charged, BPS black holes.
4.1 Rotating Black Holes in Flat Space
As reviewed in section 2, the standard formulation of Sen’s entropy function formalism utilizes
the symmetries of the AdS2 near-horizon geometry. For the case of rotating black holes the
situation requires important modifications first described in [22] and summarized in section 2.
Let us start by considering the calculation of the entropy of rotating black holes in asymp-
totically flat four-dimensional spacetime. To capture the effect of higher-curvature corrections,
we include a Gauss-Bonnet term in the action. It is well known that in four dimensions, the
Gauss-Bonnet term is purely topological and therefore, does not contribute to the equations of
motion. Our starting point is the action:
S =
1
16πG4
∫
d4x
√−g (R+ aGB) , (4.1)
=
∫
d4x
√−gL [gµν ] , (4.2)
we will use Sen’s formalism as modified in [22]. We take the following metric Ansatz:
ds2 = Ω2(θ)e2Ψ(θ)
(
−r2dt2 + dr
2
r2
+ β2dθ2
)
+ e−2ψ(θ) (dφ− αrdt)2 . (4.3)
In Sen’s formalism we first compute L for the metric Ansatz above, then we construct:
f [α, β,Ψ(θ),Ω(θ)] = 2π
∫ π
0
dθ
√−gL [α, β,Ψ(θ),Ω(θ)] . (4.4)
The entropy functional is defined as:
F [J, α, β,Ψ(θ),Ω(θ)] = 2π (Jα− f [α, β,Ψ(θ),Ω(θ)]) . (4.5)
This functional should be extremized according to:
∂F
∂α
= 0,
∂F
∂β
= 0,
δF
δΨ
= 0,
δF
δΩ
= 0. (4.6)
This extremization, in general, will give differential equations for Ψ(θ) and Ω(θ). To solve these
uniquely we need to impose boundary conditions at θ = 0, π. The boundary conditions we
impose follow [22] and imply regularity of the background:
Ω(θ)eΨ(θ) → constant as θ → 0, π (4.7)
βΩ(θ)e2Ψ(θ) sin θ → 1 as θ → 0, π. (4.8)
From the metric ansatz (4.3) we can obtain
√−gR = α
2β2e−4Ψ(θ) − 4Ω(θ)2 (β2 +Ψ′(θ)2)+ 4Ω′(θ)2
2βΩ(θ)
− 2 ∂
∂θ
[
Ω(θ)Ψ′(θ) + 2Ω′(θ)
β
]
(4.9)
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The Gauss-Bonnet term can be written as:
√−gGB = d
dθ
[
2e−6Ψ(θ)
β3Ω(θ)4
[
α2β2
{
5Ω(θ)Ψ′(θ) + 2Ω′(θ)
} − 4e4Ψ(θ)Ω(θ)Ψ′(θ){Ω(θ)2 (β2 +Ψ′(θ)2)
+ 2Ω(θ)Ψ′(θ)Ω′(θ) + Ω′(θ)2 } ]
]
, (4.10)
and is a total derivative, as expected. Therefore, we can write
f [α, β,Ψ(θ)Ω(θ)] =
1
8G4
∫
dθ
α2β2e−4Ψ(θ) − 4Ω(θ)2 (β2 +Ψ′(θ)2)+ 4Ω′(θ)2
2βΩ(θ)
+BT (4.11)
where BT = BTEH +BTGB are the boundary terms. In particular, they are:
BTEH = − 1
4G4
[
Ω(θ)e2Ψ(θ) sin θ
{
Ω(θ)Ψ′(θ) + 2Ω′(θ)
}]π
0
(4.12)
BTGB =
a
4G4
[
sin θ
{
−4e4Ψ(θ) sin2(θ)Ψ′(θ) (Ω(θ)Ψ′(θ) + Ω′(θ))2 − 4Ψ′(θ)
+
α2e−4Ψ(θ) (5Ω(θ)Ψ′(θ) + 2Ω′(θ))
Ω(θ)3
}]π
0
. (4.13)
Since the Gauss-Bonnet term is a total derivative, it does not change the equations of motion. In
particular, solutions of the 2-derivative equations of motion obtained from the Einstein-Hilbert
action will be the full solutions of the system. The solutions to the extremization problem with
the appropriate boundary conditions were obtained in [22] in units where 116πG4 = 1 and we
record it below:
α = 1, Ω(θ) =
J
8π
sin θ, e−2Ψ(θ) =
J
4π
sin2 θ
1 + cos2 θ
. (4.14)
In this case the black hole entropy is:
SSen = 2πJ + 64π
2a . (4.15)
The first term is is the usual Bekenstein-Hawking entropy formula. The second term is our main
contribution to this discussion, it arises due to the Gauss-Bonnet and it can be written as:
64π2a = 32π2aχ (H) . (4.16)
This matches the formula (3.18) and reinforces its universality.
Including a gauge field
Let us finish this subsection by including a gauge field in the computation just sketched. We
now consider the Einstein-Maxwell theory together with the Gauss-Bonnet term whose action
is:
S =
∫
d4x
√−g
(
R− 1
4
FµνF
µν + aGB
)
. (4.17)
We use the Ansatz used in [22] meaning that the metric remains the same and, therefore, all
the geometrical formulas for the Gauss-Bonnet term are unchanged. The appropriate solution
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to the coupled system of differential equations are again given in [22] and we record them here:
β = 1, α =
J√
J2 +
(
q2
8π
)2 , Ω(θ) =
√
J2 +
(
q2
8π
)2
8π
sin θ,
Ψ(θ) = −1
2
log

 2a sin
2(θ)
cos2(θ) + q
2 sin2(θ)
8π
√
J2+
(
q2
8pi
)2 + 1

 . (4.18)
Following the same procedure as before we compute the entropy:
SSen = 2π
√
J2 +
(
q2
8π
)2
+ 64π2a. (4.19)
As before the first term is the usual Bekenstein-Hawking term and the second one is the contri-
bution from Gauss-Bonnet. Again, this matches with Eq. (3.18).
4.2 Kerr-AdS black holes
In this section we study the Kerr-AdS black hole and in particular we examine how the entropy
of the Kerr-AdS black hole can be reproduced from Sen’s entropy function formalism. When
the parameters of the black hole satisfy certain conditions, the near-horizon geometry contains
an AdS2 factor. We will operationally refer to the presence of such AdS2 near-horizon subspace
as“ extremal a` la Sen”.
Our starting point is the following ansatz:
ds2 = v1(θ)
[
−(1 + r2)dt2 + dr
2
1 + r2
]
+ β(θ)dθ2 +
λ sin2 θ
β(θ)
(dφ− αrdt)2 (4.20)
where v1(θ), β(θ) are metric functions and λ, α are constants. The metric on the (θ, φ) plane is:
ds2θ−φ = β(θ)dθ
2 +
λ sin2 θ
β(θ)
dφ2, (4.21)
= β(θ)
[
dθ2 +
λ sin2 θ
β2(θ)
dφ2
]
. (4.22)
We demand this to be a smooth variation of the metric of S2. It requires:
lim
θ→0,π
λ
β2(θ)
= 1. (4.23)
These conditions should determine the value of λ. This also requires that
lim
θ→0
β(θ) = lim
θ→π
β(θ). (4.24)
The action we consider is:
S =
∫
d4x
√−g
[
R+
6
ℓ2
+ γGB
]
. (4.25)
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Now we compute:
f [α, v1(θ), β(θ)] =
∫
dφdθ
√−g
[
R+
6
ℓ2
+ γGB
]
,
= 2π
∫
dθL [α, v1(θ), β(θ)] + 2πBT. (4.26)
The Lagrangian is given by:
L [α, v1(θ), β(θ)] = −2
√
β(θ)v2(θ) +
α2
2
√
β(θ)v2(θ)
v2(θ)
v1(θ)
+
√
v2(θ)v
′
1(θ)
2
2
√
β(θ)v1(θ)
+
v′1(θ)v
′
2(θ)√
β(θ)
√
v2(θ)
+
6
ℓ2
√
λ sin(θ)v1(θ) (4.27)
where we have defined
v2(θ) =
λ sin2 θ
β(θ)
(4.28)
for brevity. The boundary terms BT = BTEH + BTGB arise due to the total derivates. There
are two kinds of boundary term, one from the Einstein-Hilbert term of the action and the other
one from the GB term. The boundary terms are:
BTEH = −
[
v1(θ)v
′
2(θ)√
β(θ)
√
v2(θ)
+
2
√
v2(θ)v
′
1(θ)√
β(θ)
]θ=π
θ=0
(4.29)
BTGB = −γ
[
v2(θ)
(−v1(θ)v′2(θ) (v′1(θ)2 + 4β(θ)v1(θ)− 3α2β(θ)v2(θ))− 2α2β(θ)v2(θ)2v′1(θ))
v1(θ)2(β(θ)v2(θ))3/2
]π
0
.
(4.30)
The equations for determining v1(θ) and β(θ) come from the extremization of the Lagrangian
(4.27). They are:
−α2λ sin3(θ) + sin(θ) (v′1(θ)2 − 2v1(θ)v′′1 (θ) + 4v1(θ)2)− 2 cos(θ)v1(θ)v′1(θ)
β(θ)v1(θ)2
+
12 sin(θ)
ℓ2
− 4 sin(θ)β
′(θ)2
β(θ)3
+
2 sin(θ)β′′(θ) + β′(θ)
(
6 cos(θ) +
2 sin(θ)v′
1
(θ)
v1(θ)
)
β(θ)2
= 0, (4.31)
α2λ sin3(θ) + sin(θ)
(
v′1(θ)
2 − 2v1(θ)v′′1 (θ)
)
+ 2cos(θ)v1(θ)v
′
1(θ) = 0. (4.32)
To solve these equations we use the following ansatze:
v1(θ) =
1
V
(
r2+ + a
2 cos2 θ
)
, (4.33)
β(θ) =
r2+ + a
2 cos2 θ
1− a2
ℓ2
cos2 θ
, (4.34)
where r+, a, V are constants. Inserting these into Eqs. (4.31)-(4.32) we find two relations
between them:
α2λ− 4a
2r2+
V 2
= 0, (4.35)
r2+
(
a2 + ℓ2
)− a2ℓ2 + 3r4+ = 0. (4.36)
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Eq. (4.36) is indeed the extremality condition mentioned in [33]. From condition (4.23) we find:
λ =
(
r2+ + a
2
)2(
1− a2
ℓ2
)2 . (4.37)
Now we can find the entropy function a la Sen:
F [α, v1(θ), β(θ)] = 2π (Jα− f [α, v1(θ), β(θ)]) . (4.38)
From the condition ∂F∂α = 0, we can find the angular momentum:
J =
2παλ3/2V
(
ℓ2 + 3r2+
)
a2ℓ2r2+
. (4.39)
Inserting this into the entropy function Eq. (4.38) we find
SSen = 16π
2
√
λ+ 64π2γ. (4.40)
The first term in the above equation is the Bekenstein-Hawking part:
SBH =
AH
4GN
= 4πAH = 4π
√
λ
∫ 2π
0
dφ
∫ π
0
dθ sin θ = 16π2
√
λ. (4.41)
Recall that we are using the unit where 116πGN = 1, restoring Newton’s constant we recover the
more familiar expression SBH =
π
G
r2++a
2
1−a2ℓ−2
The second part comes from the correction due to
higher derivative term:
SGB =
2πγχ(H)
GN
= 32π2γχ(H) (4.42)
where χ(H) is the Euler characteristic of the horizon. It can be obtained from Gauss-Bonnet
theorem:
4πχ(H) =
∫
dθdφ
√
gHRH (4.43)
where gH and RH are the determinant and Ricci scalar of the metric of the horizon respectively.
A straightforward calculation yields:
χ(H) = 2. (4.44)
So the correction to the entropy from the Gauss-Bonnet term is:
SGB = 64π
2γ. (4.45)
The above result reinforces the universality of our general formula (3.18).
4.3 Kerr-Newman-AdS black holes
In this section we finally consider the electrically charged rotating black hole in an asymptotically
AdS4 spacetime. We consider the Einstein-Maxwell-Gauss-Bonnet theory theory with a negative
cosmological constant
S =
∫
d4x
√−g
(
R+
6
ℓ2
− 1
4
FµνF
µν + γGB
)
. (4.46)
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As prescribed by Sen’s classical entropy function formalism, we by taking the following Ansatz:
ds2 = v1(θ)
(
−r2dt2 + dr
2
r2
)
+ β(θ)dθ2 +
λ sin2 θ
β(θ)
(dφ+ αrdt)2 (4.47)
F = −eαb(θ)dt ∧ dr + eb′(θ)dθ ∧ (dφ+ αrdt). (4.48)
This Ansatz is consistent with the near horizon geometry and satisfies the Bianchi identity
dF = 0. The metric is the same as in the previous section implying that the boundary terms
are precisely those of the previous section. The Lagrangian, however, changes to:
L [α, v1(θ), β(θ)] = −2
√
β(θ)v2(θ) +
α2
2
√
β(θ)v2(θ)
v2(θ)
v1(θ)
+
√
v2(θ)v
′
1(θ)
2
2
√
β(θ)v1(θ)
+
v′1(θ)v
′
2(θ)√
β(θ)
√
v2(θ)
+
6
ℓ2
√
λ sin(θ)v1(θ)− 1
2
e2
√
λ sin(θ)v1(θ)
(
csc2(θ)b′(θ)2
λ
− α
2b(θ)2
v1(θ)2
)
.
(4.49)
From this, we can find the equations for v1(θ), β(θ), and b(θ) by taking the appropriate variation.
They are given by:
2β(θ)3
[
e2ℓ2v1(θ)
2b′(θ)2 + λ sin2(θ)
(
α2e2ℓ2b(θ)2 − 12v1(θ)2
)]
+ 4λℓ2 sin2(θ)v1(θ)
2β′(θ)2
+ λℓ2β(θ)2 sin(θ)
[
α2λ sin3(θ)− sin(θ) (v′1(θ)2 − 2v1(θ)v′′1 (θ) + 4v1(θ)2)+ 2cos(θ)v1(θ)v′1(θ)]
+ 2λℓ2β(θ) sin(θ)v1(θ)
[
β′(θ)
(
sin(θ)v′1(θ) + 3 cos(θ)v1(θ)
)
+ sin(θ)v1(θ)β
′′(θ)
]
= 0, (4.50)
α2λ sin3(θ) + sin(θ)
(
v′1(θ)
2 − 2v1(θ)v′′1 (θ)
)
+ 2cos(θ)v1(θ)v
′
1(θ) = 0, (4.51)
csc2(θ)v1(θ)
[
b′(θ)
(
v′1(θ)− cot(θ)v1(θ)
)
+ v1(θ)b
′′(θ)
]
+ α2λb(θ) = 0. (4.52)
Solutions of these equations are:
v1(θ) =
1
V
(
r2+ + a
2 cos2 θ
)
, (4.53)
β(θ) =
r2+ + a
2 cos2 θ
1− a2
ℓ2
cos2 θ
, (4.54)
b(θ) =
δ
V α
r2+ − a2 cos2 θ
r2+ + a
2 cos2 θ
. (4.55)
where r+, V, δ, a, α, are, for now, arbitrary constants. These are supplemented by the extremality
conditions which, in the context of Sen’s entropy function formalism arise from Eqs. (4.50)-
(4.51):
α2λ− 4a
2r2+
V 2
= 0, (4.56)
4a2(ℓ− r+)(ℓ+ r+) + ℓ2
(
δ2e2 − 4r2+
)− 12r4+ = 0 (4.57)
Note that we can recover the extremality relations of the previous section by setting δ = 0.
Through the regularity condition (4.23), we find
λ =
(
r2+ + a
2
)2(
1− a2
ℓ2
)2 . (4.58)
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which is similar to the expression in the previous section, except that dependence on the electric
field enters through r+.
Now we construct the entropy function
F = 2π
(
Jα+ qe− 2π
∫ π
0
dθLEMGB
)
. (4.59)
The constants J and q can be determined from ∂F∂α = 0,
∂F
∂e = 0. They are given by:
J =
8πa2δ2e2r2+(a− r+)(a+ r+)
α3
√
λV 3
(
a2 + r2+
)2 + 2παλ3/2V
(
ℓ2 + 3r2+
)
a2ℓ2r2+
(4.60)
q = −2πδ
2e(a− r+)(a+ r+)
(
4a2r2+ + α
2λV 2
)
α2
√
λV 3
(
a2 + r2+
)2 . (4.61)
Inserting these into the entropy function we find
SSen = 16π
2
√
λ+ 64π2γ = 16π2
(
r2+ + a
2
)
1− a2
ℓ2
+ 64π2γ. (4.62)
The entropy should, of course, be expressed as S(J, q). The current expression is implicit but
can, in principle, be inverted using Eq. 4.60. The structure of the entropy, again, matches our
general formula (3.18).
4.4 Agreement with AdS4 black holes in gauged supergravity
In this section we compare the results obtained using Sen’s entropy function formalism and
the symmetries of the near-horizon geometry to those obtained from the full of Kerr-AdS and
Kerr-Newman-AdS black holes.
4.4.1 Kerr-AdS blackholes
The Kerr-AdS black holes in the Boyer-Lindquist coordinates can be written as [33,34]:
ds2 = −∆r
W
(
dt− a sin
2θ
Ξ
dφ
)2
+W
(
dr2
∆r
+
dθ2
∆θ
)2
+
∆θ sin
2θ
W
[
a dt− r
2 + a2
Ξ
dφ
]2
, (4.63)
where
∆r(r) = (r
2 + a2)
(
1 +
r2
ℓ2
)
− 2mr,
∆θ ≡ 1− a
2
ℓ2
cos2θ , (4.64)
W ≡ r2 + a2 cos2θ , (4.65)
Ξ ≡ 1− a
2
ℓ2
, (4.66)
In the extremal limit, we have
∆r(r+) = 0, ∆
′
r(r+) = 0 (4.67)
where ′ denotes derivative with respect to r. Therefore, near r = r+ we can expand:
∆r(r) = V (r − r+)2 +O(r − r+)3. (4.68)
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The Bardeen-Horowitz [21] limit is taken by [19,20]
r = r+(1 + ǫy), φ = ϕ+
aΞ
r2+ + a
2
t, t =
r2+ + a
2
ǫr+V
τ. (4.69)
After performing these transformations and taking the ǫ → 0 limit we obtain the near horizon
geometry:
ds2NH =
W+
V
(
−y2dτ2 + dy
2
y2
+
V
∆θ
dθ2
)
+
∆θ
(
r2+ + a
2
)2
W+Ξ2
sin2 θ
(
dϕ+
2r+aΞ
V (r2+ + a
2)
ydτ
)2
(4.70)
where we have defined:
W+ = r
2
+ + a
2 cos2 θ. (4.71)
Note that this is of the same form of our ansatz (4.20) and from this we can extract the
relevant functions which match with Section 4.2. More precisely, we have β(θ) = W+/∆θ and
λ = (r2+ + a
2)2/(1 − a2/ℓ2)2 just like in equations 4.33 and 4.58 from Section 4.2, respectively.
Note, in particular, that we recover the Bekenstein-Hawking entropy precisely. As a bonus, Sen’s
entropy function formalism provides a shortcut to computing the correction to the entropy due
to higher-derivative corrections which we evaluated in Section 4.2.
4.4.2 The Kerr-Newman-AdS black hole
In the case of Kerr-Newman-AdS black holes the metric in Boyer-Lindquist coordinates is given
by [35]:
ds2 = −∆r
W
(
dt− a sin
2θ
Ξ
dφ
)2
+W
(
dr2
∆r
+
dθ2
∆θ
)2
+
∆θ sin
2θ
W
[
a dt− r
2 + a2
Ξ
dφ
]2
, (4.72)
where all functions are defined previously in equations (4.64) – (4.66), except for ∆r which is
now given by:
∆r(r) = (r
2 + a2)
(
1 +
r2
ℓ2
)
− 2mr + q2. (4.73)
In the extremal limit, we again have:
∆r(r+) = 0, ∆
′
r(r+) = 0. (4.74)
The Bardeen-Horowitz limit is taken exactly in the same way as before. Therefore Eq. (4.70) is
also the near horizon metric in this case.
We also have non-trivial gauge field which is given by [35]:
A = − qr
W 2
(
dt− a sin
2 θ
Ξ
dφ
)
. (4.75)
After taking the Bardeen-Horowitz limit (4.69) we can find the field-strength tensor as:
FNH = − q
V
r2+ − a2 cos2 θ
r++ − a2 cos2 θ
dτ ∧ dy + qar+
W 4+
sin(2θ)dθ ∧
(
r2+ + a
2
Ξ
dϕ+
2ar+
V
ydτ
)
. (4.76)
This is in agreement with section 4.3.
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4.4.3 The supersymmetric embeddings and global aspects
Let us finally discuss an important point in confronting our analysis with the more traditional
approach to the black hole entropy which starts with the full gravity solution. Let us phrase the
question in the context of the most general AdS4 black holes that have been the object of much
recent work related to the microscopic discussions of the entropy. Recall that in the context of 4d
N = 4 gauged supergravity with gauge group U(1)×U(1) explicit solutions are known describing
non-extremal black holes [30]. The supersymmetric limit and important global aspects of the
solution were originally presented in [31] and later discussed in [32] where a few typos in the
original work were corrected. More recently, vis-a`-vis microscopic entropy discussions, two very
lucid accounts were given in [28] and [29].
These black holes are conveniently described by four parameters (m,a, δ1, δ2) which we can
roughly think of proxies for the mass, angular momenta and two electric charges. In particular
[30,31]:
E =
m
2GΞ2
(cosh 2δ1 + cosh 2δ2), J =
ma
2GΞ2
(cosh 2δ1 + cosh 2δ2),
Q1 =
m
4GΞ
sinh 2δ1, Q2 =
m
4GΞ
sinh 2δ2, (4.77)
where Ξ is as in equation 4.66. When specializing to the supersymmetric case, one needs to
impose the following relation [31]:
e2δ1+2δ2 = 1 + 2
ℓ
a
. (4.78)
This relation naturally reduces the four independent parameters to three. A further global
condition was introduced in [31] to guarantee the existence of a regular horizon (see also [28]
and [29]): (m
ℓ
)2
=
cosh2(δ1 + δ2)
eδ1+δ2 sinh3(δ1 + δ2) sinh 2δ1 sinh 2δ2
. (4.79)
As a result of this global constraint, the solution ends up depending on two free parameters.
For example, the entropy takes the form
S =
2πℓ2
G(e2δ1+2δ2 − 3) . (4.80)
More relevant for our context is that the extra global condition implies a relationship among
the charges. Through the BPS condition the energy is related to the other charges as E =
2Q1+2Q2+ J/ℓ. One then finds that the global condition implies that the angular momentum
is related to the electric charges according to [28,29]
J = (Q1 +Q2)ℓ
(√
64G2Q1Q2/ℓ2 + 1− 1
)
. (4.81)
The microscopic entropy of AdS4 black holes has been provided in [7] and [10] by considering
the dual field theory side; in that context the constraint appears as a condition for the entropy
to be real.
In previous sections we considered the case of one electric charge which corresponds to the
situation with δ1 = δ2 whose supergravity solution was constructed in [36] (see also [37]). Since
this type of black holes is more universal in their higher dimensional embedding, microscopic
foundations for the entropy can also be provided using M5 branes, as was the case in [11, 12];
the effect of the charge constrains was also captured in that general situation.
16
What is relevant for our study of Sen’s classical entropy formalism is that we are unable to
access the relation between the angular momentum and electric charged in this solution, (J,Q).
Therefore, Sen’s classical entropy function formalism seems to miss important global constraints
on the solution by focusing on its near horizon geometry.
5 Conclusions and Outlook
In this manuscript we have explored Sen’s entropy function formalism in the context of asymp-
totically AdS4 black holes. In section 3 we discussed static black holes and demonstrated that
the entropy arising from Sen’s classical entropy function formalism matches the Wald entropy
computation in four-dimensional supergravity theories with higher-derivative terms incorpo-
rated with guidance from conformal supergravity [14]. In Section 4 we explored rotating black
holes and showed that Sen’s entropy function formalism leads to a near-horizon geometry that
is sufficient for the computation of corrections to the entropy due to higher-derivative terms.
Moreover, the background solution obtained using only knowledge of the near-horizon symme-
tries coincides with the Bardeen-Horowitz near-horizon limit of rotating, electrically charged
AdS4 black holes already known in the literature by solving the full Einstein equations. These
examples demonstrate that Sen’s entropy function formalism is a highly efficient approach to
incorporating higher-derivative corrections to the entropy of AdS4 black holes albeit missing
certain global aspects of the full solution.
There are number of interesting directions that we think would be fruitful to explore in the
future. The most immediate one is exploring Sen’s entropy function formalism in other dimen-
sions, for example, in asymptotically AdS5,6,7. Previous investigations of Sen’s entropy function
formalism for static AdS4,5 black holes [26] confirmed its efficacy. The really new direction would
be to explore rotating black holes for which there is now a microscopic understanding in terms
of the superconformal indices in the corresponding dual field theories. Our work in section 4 is
just the first step in this direction which promises to be quite rich in higher dimensions where
multiple angular momenta are possible.
Given that Sen’s entropy function formalism relies on knowing only the near-horizon ge-
ometry, one would expect that it will be sufficient to understand the entropy, including higher
derivative corrections, of arbitrary supersymmetric AdS4 black holes. This power becomes cru-
cial in the face of what we call missing black hole solutions. Recent important developments in
supersymmetric localization essentially predict the entropy of the dual black holes asymptoti-
cally to AdS4 ×M7 and AdS5 ×M5 for large classes of Sasaki-Einstein manifolds M7 and M5;
some of these results are partially supported in supergravity [38–40]. Explicitly constructing
those black holes is an ongoing challenge in the supergravity community. Sen’s entropy function
formalism might provide enough near-horizon geometry information to start filling this gap.
Finally, it would be interesting to revisit Sen’s quantum entropy function formalism for AdS
black holes. The quantum entropy function formalism, as described for asymptotically flat
spacetimes in [41] allowed to understand quantum corrections to the entropy of various string
theory black holes [24] exploiting an AdS2/CFT1 intuition [42]. The first attempts to apply Sen’s
quantum entropy function formalism to AdS4 black holes in [43,44] did not match the field theory
prediction. Various computations have indicated that knowledge of the near-horizon geometry
is not sufficient to reproduce certain field theory predictions and that agreement is found when
focusing on the AdS4 asymptotics [12, 45–47]. It would be quite interesting to understand if
there is some connection between the near-horizon and asymptotic computation that could be
explained in terms of extra hairy degrees of freedom in AdS.
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